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The weighted average velocity (WAVe) method was recently proposed as an alternative inversion algorithm for obtaining shear-wave velocity
(Vs) proﬁles from Rayleigh wave dispersion curves. In this paper, the WAVe method is discussed in relation to its accuracy in estimating the
average shear-wave velocity to 30 m (Vs,30) and to other depths (Vs,z). Values for Vs,30 are used in building codes to determine ground-type
classes for seismic design. Five case studies, representing typical shear-wave velocity (Vs) proﬁles, are presented. The Vs proﬁles obtained using
the WAVe method and those obtained using more rigorous inversion methods were quantitatively compared based on Vs,30 as well as Vs, z. The
comparison showed that the WAVe method yielded similar Vs proﬁles and Vs,30 leading to same ground type for seismic design.
& 2015 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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The average shear-wave velocity to a depth of 30 m (Vs,30) is a
commonly used parameter in seismic guidelines such as the
National Earthquake Hazards Reduction Program (NEHRP)
(1997). Based on Vs,30, provisions have been made in building
design codes, for example, the International Building Code (IBC)
by the International Code Council (ICC) (2000) and Eurocode 8
(EC8) by the European Committee for Standardization (CEN)
(2004), to separate sites into different seismic classes for design and
hazard analyses. The application of Vs,30 can also be found in
equations for ground motion predictions (Abrahamson et al., 2008;
Power et al., 2008; Boore et al., 2011).
Invasive methods involving the drilling of boreholes (e.g.,
cross-hole, downhole, suspension log, and seismic cone) and
non-invasive methods involving measurements of wave0.1016/j.sandf.2015.04.007
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der responsibility of The Japanese Geotechnical Society.velocities using an array of sensors on the ground surface
(e.g., seismic wave reﬂection/refraction survey and surface wave
methods) are both commonly used to obtain Vs,30 (Mulargia
and Castellaro, 2009). However, drilling and logging can be
expensive and difﬁcult to conduct in urban environments; and
hence, non-invasive methods, such as surface wave methods,
have become more attractive (Stephenson et al., 2005).
Surface wave methods can be broadly classiﬁed into (1)
active methods that involve measurements of ground vibration
signals from an active seismic source and (2) passive methods
that involve background microtremor wave ﬁelds. When
surface wave methods are adopted, inversion analyses are
used to obtain the shear-wave velocity (Vs) proﬁle with depth
from the experimental dispersion curve, which is the plot of
the Rayleigh wave phase velocity (Vφ) with frequency ( f) or
wavelength (λ). The average Vs to 30 m (i.e., Vs,30) or to other
depths (Vs,z) can then be determined from the Vs proﬁle. Vs
proﬁles to depths up to 10 to 50 m are typically obtained
through active methods (e.g., Nazarian and Stokoe, 1984;
Rosenblad et al., 2002; Matthews et al., 1996). On the otherElsevier B.V. All rights reserved.
Symbols
F frequency
H layer thickness
N number of layers
Vs,30 average shear wave velocity to depth of 30 m
Vs,z average shear wave velocity to any depth z
Vφ Rayleigh wave phase velocity
Vs shear wave velocity
Z depth
Α factor by which minimum Vφ is reduced and
maximum Vφ is increased for deﬁning the
solution space
Β reduction factor
Λ wavelength
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obtained through passive surface wave methods (e.g., Horike,
1985; Kudo et al., 2002; Okada, 2003).
Recently, an alternative inversion algorithm, based on the
weighted average velocity (WAVe) forward modeling method,
has been proposed by Leong and Aung (2013). In the strict sense,
the proposed inversion algorithm involves the WAVe method as a
forward model and the generalized reduced gradient (GRG)
method as an optimization process to minimize the misﬁt function.
For brevity, the inversion algorithm will be referred to as the
WAVe method. The WAVe method is attractive as it is a fast and
efﬁcient alternative for obtaining the Vs proﬁle.
In this paper, the WAVe method is used to invert the
Rayleigh wave dispersion curves reported in the literature to
(1) estimate Vs,30 and Vs,z from the inverted Vs proﬁles, and (2)
make a quantitative comparison with the Vs proﬁles from the
literature based on the Vs,z data. The main objective is to
discuss the application of the WAVe method in relation to its
accuracy in estimating Vs,z. The inverted Vs proﬁles are also
compared with Vs data, independently measured using other
seismic methods, for cases where such data are available. A
total of ﬁve case studies, representing the Vs proﬁles with
varying degrees of complexity, are presented.
2. Overview of surface wave methods, Vs, z and WAVe
method
Surface wave methods are widely used to estimate Vs,30 (or Vs, z)
as they are cost- and time-effective and, at the same time, their
measurement capabilities are not affected by site-related limitations,
such as the presence of inverse layering (Comina et al., 2011).
Surface wave methods consist of (1) the determination of the
experimental dispersion curve by processing ground vibration
signals, and (2) the estimation of Vs proﬁles based on inversion
analyses (Tokimatsu, 1995). A spectral analysis of the surface
wave (SASW) method (e.g., Nazarian and Stokoe, 1984), a
multichannel analysis of the surface wave (MASW) method (e.
g., Park et al., 1999), and the continuous surface wave (CSW)
method (e.g., Jones, 1958) are well-known active methods
involving the use of an active source and a linear array of receivers
to record ground vibrations. On the other hand, passive surface
wave methods measure background microtremor wave ﬁelds using
a two-dimensional array (e.g., circular array) of receivers (e.g., Aki,
1957; Horike, 1985; Okada, 2003). An experimental dispersion
curve is then determined from ground vibration signals using
various approaches which include the spectral analysis method(e.g., Nazarian, 1984), a phase angle-offset regression analysis (e.
g., Matthews et al., 1996), the frequency–wavenumber (!f– k)
method (e.g., Capon, 1969; Park et al., 1999), and the spatial
autocorrelation method (e.g., Aki, 1957; Okada, 2003).
Inversion analyses for establishing Vs proﬁles from the
experimental dispersion curves, and subsequently for obtaining
Vs, z data, involve a combination of forward modeling and
minimization. Surface wave forward modeling problems
involve the calculation of dispersion curves for soil proﬁles
with assumed parameters. Forward modeling approaches based
on the transfer matrix method (Thomson, 1950; Haskell,
1953), the stiffness matrix method (Kausel and Roesset,
1981), and the reﬂection and transmission coefﬁcient method
(Chen, 1993; Hisada, 1994) are common. Minimization refers
to the iterative matching of theoretical and experimental
dispersion curves by varying the assumed parameters of the
soil proﬁle. Minimization is achieved either by local search
algorithms (Yuan and Nazarian, 1993; Ganji et al., 1998; Lai
and Rix, 1998) or by global search algorithms (Pezeshk and
Zarrabi, 2005; Socco and Boiero, 2008; Foti et al., 2009).
Sometimes, Vs,30 may also be determined directly from
dispersion curves as quick estimates without performing inversion
analyses. It has been proposed that the Rayleigh wave phase
velocity, corresponding to wavelengths of 36 m (Vφ,36) (e.g.,
Brown et al., 2000) or 40 m (Vφ,40) (e.g., Konno et al., 2007), be
used as an estimate of Vs,30. Their rationale is based on statistical
analyses performed on several case histories. Some studies (e.g.,
Martin and Diehl, 2004; Albarello and Gargani, 2010) have also
highlighted that a fundamental mode dispersion curve is required
to estimate Vs,30 directly from the dispersion curve. While it is
useful as a quick preliminary estimate, the direct determination of
Vs,30 from the dispersion curve cannot be viewed as an alternative
to the solution of inversion analyses as it could lead to large errors
in some cases (Comina et al., 2011).
More correctly, Vs,30 should be calculated from the Vs
proﬁles as
Vs;30ðm=sÞ ¼
30PN
i ¼ 1
Hi
V si
ð1Þ
where the numerator represents the depth of 30 m and the
denominator is the summation of the ratio of thickness ( Hi) in
meters to Vsi in m/s of individual layer i within the depth of
30 m (Borcherdt, 1994; Finn and Wightman, 2003). Essen-
tially, this parameter represents the time taken for the shear
waves to travel from the depth of 30 m to the ground surface
(Benjumea et al., 2008). Following Eq. (1), the average Vs up
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Vs;zðm=sÞ ¼
zPN
i ¼ 1
Hi
V si
ð2Þ
where z is the depth within which the average shear-wave
velocity is calculated.
Some studies have been conducted to assess the validity of Vs,30
as a proxy for site ampliﬁcation and to separate sites into different
ground-type classes (e.g., Castellaro et al., 2008; Gallipoli and
Mucciarelli, 2009; Mulargia and Castellaro, 2009). However, this
is outside the scope of the present paper and will not be discussed.
In recent years, studies have also looked into the seismic ground-
type classiﬁcation of sites based on Vs,30 in comparison with that
based on the average Vs to other depths, i.e., Vs,z (e.g., Stephenson
et al., 2005; Gallipoli and Mucciarelli, 2009; Boore et al., 2011). In
some studies, Vs,z data (with zo30 m) have also been used to
extrapolate and to estimate Vs,30 when the measured Vs proﬁle does
not extend to 30 m (e.g., Boore, 2004). Boore et al. (2011)
provided some justiﬁcation for the use of Vs,30 as a proxy for sites
based on the standard deviation of the scatter in Vs,z (for zo30 m
and z430 m) for a given Vs,30 on a logarithmic scale. Gallipoli
and Mucciarelli (2009) suggested that Vs,10 may also be used for
site classiﬁcation if information on the fundamental frequency of
the site is available.
It can therefore be gathered from the previous studies that
Vs,30, as well as Vs,z determined to other depths, may be used
for the seismic classiﬁcation of sites. Surface wave tests are
useful for this purpose as they can provide the Vs proﬁle with
depth, and thus, the Vs,z data. In this regard, inversion analyses
are crucial to obtaining an accurate Vs proﬁle. Hence, the focus
of this paper is on the application of the WAVe method in
relation to its accuracy in estimating Vs,z up to z¼30 m, i.e.,
Vs,30, and the seismic ground-type classiﬁcation. The determi-
nation of seismic ground-type classes using Vs,30, based on the
Singapore National Annex to Eurocode 8, NA to SS-EN
1998:1 (2003) adopted in this paper, is given in Table 1.
The forward model to calculate the dispersion curve using
the weighted average velocity (WAVe) method was presented
by Leong and Aung (2012), and the global inversion algorithm
incorporating the WAVe method was discussed by Leong and
Aung (2013). The method will be brieﬂy addressed in
this paper.
In the WAVe method, it is postulated that the Rayleigh wave
phase velocity at a particular wavelength Vφ(λ) in the dispersion
curve, for a multilayered soil deposit, is dependent on the shear-
wave velocities of the layers up to the depth equivalent to theTable 1
Seismic ground types adapted from SS EN 1998-1 (2013).
Ground type Description of stratigraphic proﬁle
A Rock or other rock-like geological formation, including, at most, 5
B Deposits of very dense sand, gravel or very stiff clay, at least sev
characterised by a gradual increase in mechanical properties with
C Deep deposits of dense or medium dense sand, gravel or stiff clay
D Deposits of loose-to-medium cohesionless soil (with or without sowavelength. The contribution of the Rayleigh wave phase
velocities for each individual layer Vφi is weighted by weighting
factor Wi which, in turn, is dependent on the thickness of layer
Hi¼ zi zi1, where z¼depth. Therefore, Vφ(λ) is written as
Vφ λð Þ ¼
XN
i ¼ 1
WiVφi ð3Þ
The weighting factors in Eq. (3) are
Wi ¼
β1⋯βi
R λz2
z2
f zλ
 
dzR z1
0 f
z
λ
 
dzþβ1
R z2
z1
f zλ
 
dzþ⋯þβ1⋯βi
R λzi
zi
f zλ
 
dz
ð4aÞ
where
f
z
λ
 
¼ 1 z
λ
 3=2
ð4bÞ
and β is the reduction factor, zi1 is the depth to the top of
layer i, and zi is the depth to the bottom of layer i.
The reduction factor ( β) in Eq. (4a) is given by
β¼ 1
1þ5:8 106 Vsðiþ 1ÞVsi
 55 0:02 for 1rVsðiþ1Þ=Vsir50
ð5Þ
The dispersion curve, calculated using the WAVe forward
model, is for the apparent mode (superposition of all contributing
modes); and thus, it implicitly accounts for the existence of higher
modes (Leong and Aung, 2012, 2013). However, it is important to
note that the WAVe method produces smooth dispersion curves
and is accurate for cases where measured phase velocities gradually
change from one mode to another over a certain frequency range.
In this regard, the method does not capture the possible disconti-
nuity in the dispersion curves for proﬁles involving a sharp change
in Vs between adjacent layers, whereby measured phase velocities
could exhibit a sudden jump from one mode to another.
To achieve minimization between the theoretical and the
experimental dispersion curves, the above-mentioned WAVe
method is used as the forward model. The computational
routine is implemented in Microsoft Excel 2010 and the
minimization is achieved using the GRG nonlinear solver
routine in conjunction with the multistart option that resides in
Microsoft Excel. The misﬁt function used to describe the
matching between the theoretical and the experimental disper-
sion curves is given by the normalized root-mean-square errorVs,30 (m/s)
m of weaker material at the surface 4800
eral tens of metres in thickness,
depth
360–800
with thickness from several tens to many hundreds of metres 180–360
me cohesive layers) or predominantly soft-to-ﬁrm cohesive soil o180
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NRMSE ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
M
XM
k ¼ 1
Vϕk
 
theo Vϕk
 
expt
Vϕk
 
expt
" #2vuut ð6Þ
where the subscripts theo and expt are theoretical and experi-
mental, respectively, and M is the number of data points on the
dispersion curve. A smaller NRMSE denotes a better match
between theoretical and experimental dispersion curves. This
misﬁt function is similar to the ones used in many other
inversion algorithms (e.g., Yuan and Nazarian, 1993; Lai and
Rix, 1998; Wathelet et al., 2004).
Forward modelling using the WAVe method requires H, Vs,
and Poisson’s ratio (ν) as the input parameters. Leong and
Aung (2012) showed that ν has a negligible effect on the
theoretical dispersion curve when the WAVe method is used.
Therefore, only two parameters (H and Vs) are taken as the
decision variables and adjusted in the iteration process to
minimize the misﬁt function (Eq. (6)), while ν¼0.3 is used in
all cases.
For a multilayered proﬁle involving (N) number of layers,
including a half-space, there are (N) number of variables for Vs
and (N1) number of variables for H, with the last layer being
the homogeneous half-space. In performing an inversion
analysis, the solution space is deﬁned based on the experi-
mental dispersion curve, as shown in Eqs. (7) and (8) (Leong
and Aung, 2013).
1=α
 
Vφ minrV sirαVφ max i¼ 1 to N ð7Þ
0rHirλmax and
X
Hirλmax i¼ 1 to N–1 ð8Þ
where Vφ¼Rayleigh wave phase velocity in the experimental
dispersion curve, α¼a factor by which minimum Vφ, i.e., Vφ-
min, is reduced, and maximum Vφ, i.e., Vφ-max, is increased,
N¼number of soil layers including the half-space, and
λmax¼maximum wavelength observed in the experimental
dispersion curve. A value of α¼3 was used. With the speciﬁed
solution space (or bounds for decision variables), the GRG
nonlinear solver with the multistart option can be invoked for
minimizing the misﬁt between the theoretical and the experi-
mental dispersion curves.
In running the solver routine, default solver options are
used, which are (1) maximum solution time (100 s), (2)
number of iterations (100), (3) precision (0.000001), and (4)
convergence (0.0001). In addition, the population size¼1000
is used and no integer value is speciﬁed for the random seed
option, i.e., the GRG multistart solver randomly generates
1000 initial soil proﬁles with each run of the GRG multistart
nonlinear solver. The GRG multistart nonlinear solver was
programmed to restart each time a global minimum for the
misﬁt function was found, and the number of restarts is 10.
With the population size of 1000 for each restart, the total
population size of 10,000 was used for the overall global
inversion analysis. More details can be found in Leong and
Aung (2013).
In all the inversion analyses performed for the case studies
in this paper, the above-mentioned inversion parameters wereused. For each case study, the number of layers (N) in the
initial model was taken to be the same as that presented in the
reference case study. The assumed number of layers was found
to be adequate for all the case studies. Extraneous layers, if
any, either collapsed into adjacent layers with the same Vs or
showed up as layers having a thickness of 0 m. The multistart
solver randomly generates values for H and Vs within the
bounds identiﬁed by Eqs. (7) and (8); and therefore, it was not
necessary to deﬁne H and Vs in the initial models. In all cases,
the computation time to perform the inversion analyses with a
population size of 10,000 was up to 2 min on a personal
computer with an Intels Pentiums dual-core 1.86 GHz
processor.3. Case studies
A total of ﬁve case studies from the literature are presented
in this paper. These case studies are summarized in Table 2.
Each case study represents the Vs proﬁle involving a varying
degree of complexity. Case 1 represents a homogeneous site in
which the Vs proﬁle was reported to be mostly uniform for the
entire depth investigated. Cases 2 and 3 can be categorized as
normally dispersive sites where Vs increases with depth. The
variation in Vs with depth is more signiﬁcant in Case 3 where
Vs increases from about 170 m/s to 1000 m/s over the depth of
30 m. The inverted Vs proﬁle in Case 4 can be seen as a
normally dispersive proﬁle, but it consists of a slight velocity
inversion at the depth of approximately 13 m. In Case 5, an
inversely dispersive proﬁle was reported in which a low
velocity layer was observed over the shallow depths. The
experimental dispersion curves reported in these ﬁve cases are
inverted using the WAVe method to obtain the Vs proﬁles and
then compared with those previously reported in the literature.
The inverted Vs proﬁles are also presented together with the Vs
data obtained from downhole (DH) surveys, seismic cone
penetration tests (SCPTs), and seismic dilatometer tests
(SDMTs) where such data are available.3.1. Case 1—Mud Island Site B, Tennessee
In this case study, the inversion of experimental dispersion
curves measured at Mud Island Site B in Tennessee, USA,
presented by Lai et al. (2002), is discussed. The site is
primarily made up of dredged soil taken from the Mississippi
River (Lai et al. 2002) where the water table was found to be
8 m below ground level. The experimental dispersion curve
was measured using 15 receivers positioned co-linearly with
the vertically oscillating vibration source for the frequency
range of 3.75 to 100 Hz.
Lai et al. (2002) used the simultaneous inversion of surface
wave velocity and attenuation developed by Lai and Rix
(1998) to invert the experimental dispersion curve. In this
method, the forward model was based on the reﬂection and
transmission coefﬁcient method (Chen, 1993; Hisada, 1994)
and the minimization was based on a constrained least-squares
algorithm proposed by Constable et al. (1987). The Vs
Table 2
Summary of case studies.
Case Location Surface wave method (Data collection method) Inversion method Vs proﬁle reported Invasive
measurement
Reference
1 Mud Island
Site B,
Tennessee
Source: Vertically oscillating source,
frequency range of 3.75 to 100 Hz
Forward model: Reﬂection and transmission
coefﬁcient method (Chen, 1993; Hisada 1994)
Mostly
homogeneous
SCPT Lai et al.
(2002)
Receivers: 15 receivers positioned co-linearly
with the source
Minimization: constrained least-squares
algorithm (Constable et al. 1987)
2 Pianola,
Italy
Source: 5-kg sledge hammer Forward model: Transfer matrix method
(Haskell 1953; Thomson 1950) with
fundamental mode only
Normally
dispersive
DH/SDMT Comina
et al.
(2011)
Receivers: For active source signals, a linear
array of 48 geophones with natural frequency
of 4.5 Hz for active source. For passive
signals, a two-dimensional circular array with a
50-m radius consisting of 12 geophones with a
natural frequency of 2 Hz
Minimization: Global search using a Monte
Carlo procedure (Socco and Boiero 2008)
3 Kansas
Geological
Survey
Source: Vibrator, frequency range of 10 to
50 Hz
Forward model: Transfer matrix method based
on the formulations of Schwab and Knopoff
(1972)
Normally
dispersive
DH Park et al.
(1999)
Receivers: a linear array of 41 geophones with
a natural frequency of 10 Hz
Minimization: Weighted-damping equation
based on the Leveberg-Marquardt (L-M)
method (Levenberg 1944; Marquardt 1963)
coupled with the singular-value decomposition
technique (Golub and Reinsch 1970)
4 Makuhari
Site, Japan
Source: Foot tapping/hammer. Forward model: transfer matrix method by
Haskell (1953) which was further extended by
Harkrider (1964)
Normally
dispersive with a
slight velocity
inversion
DH Tokimatsu
et al.
(1992)
Receivers: For active source signals, a linear
array of six vertical sensors were used. For
passive signals, a circular receiver array with
radii of 5 to 30 m was used
Minimization: Nonlinear optimizing method
(Dorman and Ewing 1962)
5 Yarimca,
Turkey
Source: Hammer/Bulldozer, frequency range
of 3 to 300 Hz
Forward model: Stiffness matrix method
(Kausel and Roesset 1981)
Inversely
dispersive with a
low velocity layer
at shallow depths
- Rosenblad
et al.
(2002)Receivers: Two receivers with varying distance
between them depending on the range of
frequency measured
Minimization: maximum likelihood method
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also reported up to a depth of about 30 m.
The inversion analysis was repeated using the WAVe
method in this paper. The experimental dispersion curve
reported by Lai et al. (2002) was ﬁrst digitized, and the
inversion analysis was performed based on the digitized
dispersion curve. Fig. 1a shows the match between the
experimental and the theoretical dispersion curves. The poorer
match at the high frequency range of 60–70 Hz only affects the
shear wave velocity proﬁle at depths of less than 1 m. This is
inconsequential for the accuracy of the inverted shear wave
velocity proﬁle. The normalized root mean square error
(NRMSE) between the two dispersion curves is 0.0042, as
obtained from Eq. (6).
Fig. 1b shows a comparison between the Vs proﬁles and the
Vs data from the SCPTs. Qualitatively, it can be seen in Fig. 1b
that the Vs proﬁle from the WAVe method is in good
agreement with that obtained by Lai et al. (2002). For a
quantitative comparison, the average Vs to various depths
weighted by Hi (Vs,z) is calculated using Eq. (2) and plotted as
a function of depth (z) at intervals of 1 m, as shown in Fig. 1c.
The bounds for seismic ground type, based on SS EN 1998-1
(2013) in Table 1, are also shown in the same ﬁgure with
vertical lines as the demarcation between each type of seismic
ground class. It can be observed that the site is identiﬁed asClass C based on the Vs,30 calculated from both Vs proﬁles.
Fig. 1d shows the percentage difference between Vs,z at
different depths. There is a good agreement between the Vs
proﬁles obtained from the WAVe method and that reported by
Lai et al. (2002) in that the percentage difference between Vs,z
is approximately within 4% over the depth investigated.
3.2. Case 2—Pianola, Italy
The dispersion and Vs proﬁle data in Case 2 is obtained from
the data reported by Comina et al. (2011). The test site is
located in Pianola, Italy and consists mainly of ﬁnes and sands
where the bedrock is expected to be deeper than 30 m
(Monaco et al., 2010; Comina et al., 2011). The dispersion
curve reported by Comina et al. (2011) is the combined
dispersion curve derived from both active and passive surface
wave measurements. The active surface wave signals were
generated using a 5-kg sledgehammer and recorded by a linear
array of forty-eight geophones with a natural frequency of
4.5 Hz. On the other hand, the passive surface wave signals
were recorded using a two-dimensional circular array with a
radius of 50 m consisting of twelve geophones with a natural
frequency of 2 Hz.
The forward model used in the inversion analysis performed
by Comina et al. (2011) was based on the transfer matrix method
Fig. 1. Case 1—Comparisons of (a) dispersion curves, (b) Vs proﬁles, (c) Variation of Vs,z with depth, and (d) percent difference in Vs,z with those obtained by
reﬂection and transmission method forward model and constrained least-squares algorithm minimization of Lai et al. (2002) and SCPT data.
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mode dispersion data were considered. Minimization between the
experimental and the theoretical dispersion curves was achieved
by a global search using the Monte Carlo procedure proposed by
Socco and Boiero (2008). From the inversion analysis, the Vs
proﬁle was reported up to the depth of 30 m. An independent Vs
from a downhole (DH) survey and Vs data from seismic
dilatometer tests (SDMTs) were also reported.
The inversion analysis was repeated using the WAVe method
in this paper and the resulting Vs proﬁle is compared against the
Vs data reported by Comina et al. (2011). Fig. 2a shows the match
between the experimental dispersion curve and the theoretical
dispersion curve. The normalized root mean square error
(NRMSE) between the two dispersion curves was 0.019.
Comina et al. (2011) reported thirty-three equivalent Vs
proﬁles from the Monte Carlo inversion approach. In Fig. 2b,
these proﬁles are consolidated and shown as a range and
compared with the Vs proﬁle obtained from the WAVe
inversion analysis. The Vs proﬁle from the DH survey and
the Vs data from the SDMTs are also shown in the ﬁgure. It
was observed that the Vs proﬁle obtained from the WAVe
method is generally in good agreement with the DH proﬁle for
the entire reported depth of 30 m. It also shows a good
agreement with the SDMT data up to the depth of 15 m over
which the SDMT data are available. It can also be seen that the
Vs proﬁle from the WAVe method is consistent with the range
of 33 Vs proﬁles by Comina et al. (2011). However, the upper
bound of Comina et al. (2011) for the Vs proﬁles is found to be
signiﬁcantly higher compared to both the WAVe Vs proﬁle and
the DH Vs proﬁle below the depth of 22 m.
The average Vs up to various depths weighted by Hi (Vs,z) is
also plotted as a function of depth (z) at intervals of 1 m and
shown in Fig. 2c together with the bounds for the seismic
ground type based on SS EN 1998-1 (2013). As discussedabove, Comina et al. (2011) has presented thirty-three Vs
proﬁles inverted from the surface wave dispersion curve.
Therefore, the Vs proﬁle from the DH survey was selected
instead for comparison. The Vs,30 obtained from both Vs
proﬁles suggested that the site can be identiﬁed as Class C.
The percentage difference between Vs,z at different depths is
shown in Fig. 2d. It can be seen that the maximum deviation
between the Vs,z calculated from both WAVe and DH Vs
proﬁles is within 15%.3.3. Case 3—Kansas Geological Survey
Park et al. (1999) presented the dispersion curve and Vs proﬁles
for a test site located near the Kansas Geological Survey in Kansas,
United States. The experimental dispersion curve was obtained
from the ground vibrations signals generated from a vibrator for the
frequency range of 10 to 50 Hz. Surface wave signals were
recorded by a linear array of forty-one geophones with a natural
frequency of 10 Hz. The site mainly consists of thick (450 m)
layered shale with the weathered zone up to about 3 m (Moore,
1964; Park et al., 1999).
The inversion method proposed by Xia et al. (1999) was used
to obtain the Vs proﬁle from the dispersion curve. The formula-
tions of Schwab and Knopoff (1972) based on the transfer matrix
method was adopted as the forward model to calculate the
theoretical dispersion curve. Minimization of differences between
theoretical and experimental dispersion curves was achieved
using iterative solutions of a weighted-damping equation based
on the Leveberg–Marquardt (L–M) method (Levenberg, 1944;
Marquardt, 1963) and the calculation efﬁciency was achieved
using the singular-value decomposition technique (Golub and
Reinsch, 1970). The Vs data obtained from the downhole (DH)
survey were also given.
Fig. 2. Case 2—Comparisons of (a) dispersion curves (b) Vs proﬁles (c) Variation of Vs,z with depth (d) percent difference in Vs,z with those obtained by Transfer
matrix method forward model and Monte Carlo global search minimization of Comina et al. (2011) and DH proﬁle/SDMT data.
Fig. 3. Case 3—Comparisons of (a) dispersion curves, (b) Vs proﬁles, (c) Variation of Vs,z with depth, and (d) percent difference in Vs,z with those obtained by
Transfer matrix method forward model and weighted-damping minimization coupled with the singular-value decomposition technique of Park et al. (1999) and DH
proﬁle.
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Fig. 3a shows the match between the experimental and the
theoretical dispersion curves. The normalized root mean square
error (NRMSE) between the two dispersion curves in Fig. 3a was
0.0134 obtained from Eq. (6). Fig. 3b shows the comparison
between the Vs proﬁles together with the Vs data from the DH
survey up to the depth of 30 m. The DH Vs proﬁle calculated by
Park et al. (1999) from the Vs data from the DH survey, according
to the thickness model used in their inversion process, is alsoshown in Fig. 3b for comparison. It can be seen that the Vs proﬁle
from the WAVe method is comparable to that reported by Park
et al. (1999).
The average Vs up to various depths weighted by Hi (Vs,z) is
plotted as a function of depth (z) at intervals of 1 m, as shown
in Fig. 3c. The bounds for seismic ground type are also shown
in Fig. 3c. The site can be identiﬁed as Class B based on the
Vs,30 calculated from both Vs proﬁles. Fig. 3d shows the
percentage difference between Vs,z at different depths. A good
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from the WAVe method and that reported by Park et al. (1999)
in that the percentage difference between Vs,z is approximately
within 10% over the depth up to 30 m.3.4. Case 4—Makuhari Site, Japan
The inversion of the experimental dispersion curve measured at
the Makuhari Site, Japan, is discussed in this case study. The site is
made up of a very loose sandy ﬁll up to about 5 m, and underlain
by an alluvium deposit of medium-dense sand and a diluvial
deposit of sandy silt and clay (Tokimatsu et al., 1992). Similar to
Case 2, the dispersion curve reported by Tokimatsu et al. (1992) is
the combined dispersion curve derived from both active and
passive surface wave measurements. The active ground vibrations
were generated by tapping the ground with a foot or a hammer. Six
vertical sensors were used as receivers. In the passive surface wave
tests, a circular receiver array with radii of 5 to 30 m was used.
The forward model used in the inversion analysis by
Tokimatsu et al. (1992) was based on the transfer matrix
method by Haskell (1953) which was further extended by
Harkrider (1964). Minimization between the experimental and
the theoretical dispersion curves was achieved using the
nonlinear optimizing method proposed by Dorman and
Ewing (1962). An independent Vs proﬁle obtained from the
downhole (DH) survey was also available.
The experimental dispersion curve by Tokimatsu et al.
(1992) was digitized. In digitizing the dispersion curve, some
of the constant phase velocity data (i.e., no dispersion) over the
high frequency range (420 Hz) were omitted as these data do
not affect the inversion results. The inversion analysis was
repeated using the WAVe method and a comparison of the Vs
proﬁles was made up to the depth of 30 m. Fig. 4a shows the
match between the experimental and the theoretical dispersionFig. 4. Case 4—Comparisons of (a) dispersion curves, (b) Vs proﬁles, (c) Variatio
Transfer matrix method forward model and nonlinear optimizing minimization ofcurves. The normalized root mean square error (NRMSE)
between the two dispersion curves in Fig. 4a was 0.0177.
Fig. 4b shows a comparison between the Vs proﬁles together
with the Vs data from the DH survey up to the depth of 30 m.
The inverted Vs proﬁle by Tokimatsu et al. (1992) showed a
slight velocity inversion at the depth of approximately 13 m.
However, the Vs proﬁle by the WAVe method indicates that
the site is normally dispersive without any velocity inversion,
which is consistent with the DH Vs proﬁle. Fig. 4c shows the
Vs,z plotted as a function of depth (z) together with the bounds
for the seismic ground type. Fig. 4d shows the percentage
difference between Vs,z at different depths. The percentage
difference between Vs,z is approximately within 10% up to a
depth of 30 m, suggesting that the Vs proﬁles obtained from the
WAVe method and that obtained by Tokimatsu et al. (1992)
are comparable. The site can be identiﬁed as Class C based on
the Vs,30 obtained from both Vs proﬁles.3.5. Case 5—Yarimca, Turkey
The experimental dispersion curve for Case 5 was obtained
at the Yarimca Petkim Reﬁnery, Turkey, by Rosenblad et al.
(2002). The site is located on an alluvial plain. The experi-
mental dispersion curve was obtained from the ground vibra-
tion signals generated by hammers and a bulldozer. Vibration
signals for a wide frequency range of 3 to 300 Hz were
measured using a pair of receivers. The distance between the
two receivers was varied depending on the range of frequency
measured.
Rosenblad et al. (2002) used the computer program by Joh
(1996) to invert the experimental dispersion curve. The
program is based on the stiffness matrix forward modeling
method by Kausel and Roesset (1981). The error functionn of Vs,zwith depth, and (d) percent difference in Vs,z with those obtained by
Tokimatsu et al. (1992) and DH proﬁle.
Fig. 5. Case 5—Comparisons of (a) dispersion curves, (b) Vs proﬁles, (c) Variation of Vs,z with depth, and (d) percent difference in Vs,z with those obtained by
Stiffness matrix method forward model and maximum likelihood minimization of Rosenblad (2002).
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is minimized using the maximum likelihood method.
The inversion analysis was repeated in this paper using the
WAVe method. Fig. 5a shows the match between the experi-
mental and the theoretical dispersion curves. The normalized
root mean square error (NRMSE) between the two dispersion
curves was 0.0375. Fig. 5b shows the comparison between Vs
proﬁles. It can be seen that the Vs proﬁle from the WAVe
method is comparable to that obtained by Rosenblad et al.
(2002) and that the near-surface low velocity layer was
delineated.
Fig. 5c shows the Vs,z plotted as a function of depth (z) at
intervals of 1 m together with the bounds for seismic classes. The
site can be identiﬁed as Class C based on the Vs,30 calculated from
both Vs proﬁles. Fig. 5d shows the percentage difference between
Vs,z at different depths. The percent difference between Vs,z is
approximately within 7.5% over the depth up to 30 m, suggesting a
good agreement between the Vs proﬁles obtained from the WAVe
method and that obtained by Rosenblad et al. (2002).4. Summary
Five case studies have been presented covering the com-
monly encountered Vs proﬁles ranging from homogeneous
(Case 1) to normally dispersive (Cases 2, 3, and 4) and
inversely dispersive proﬁles (Case 5). The Vs proﬁles for the
ﬁve sites were obtained by repeating the inversion analyses
using the WAVe method.
An excellent match between the experimental and the
theoretical dispersion curves using the WAVe method was
achieved in each case. The normalized root-mean-square errors
(NRMSE) between the dispersion curves are 0.0042 (Case 1),
0.0190 (Case 2), 0.0134 (Case 3), 0.0177 (Case 4), and 0.0375(Case 5). It was observed that the NRMSE is one order of
magnitude lower for Case 1. This is attributed to the smooth-
ness of the experimental dispersion curve. It is reasonable to
expect that the dispersion curve measured at a site that is
almost homogeneous will be smoother than that measured at a
site with a complex Vs proﬁle.
The resulting Vs proﬁles were then compared with the Vs
proﬁles previously obtained using inversion analyses based
on more rigorous forward modeling methods, namely, (1)
the reﬂection and transmission coefﬁcient method (Case 1),
(2) the transfer matrix method (Cases 2, 3, and 4), and (3)
the stiffness matrix method (Case 5). The quantitative
comparison based on the average shear-wave velocity up
to various depths weighted by the layer thickness (Vs,z)
indicated that the WAVe method yielded Vs proﬁles that are
consistent with inversion algorithms based on more rigorous
forward models. The maximum percentage difference
between Vs,z is within 15%, as observed in Case 2. All the
ﬁve sites are also consistently classiﬁed under the same
ground type based on the Vs,30 derived from the Vs proﬁles
obtained using the WAVe method and other inversion
methods based on rigorous forward models. The compar-
isons are summarized in Table 3.5. Conclusion
In this paper, ﬁve case studies have been presented and the
application of the WAVe method has been discussed in relation to
its accuracy in estimating Vs,z. by comparing the Vs proﬁles
obtained from the WAVe method and those from the literature
in which different inversion algorithms were adopted. These case
studies represent the commonly encountered Vs proﬁles involving
homogeneous, normally, and inversely dispersive proﬁles. The Vs
Table 3
Summary of comparisons.
No Case number NRMSE Maximum percent
difference in Vs, z (%)
Vs,30
n Ground type
1 Case 1 0.0042 5 205 (203) C
2 Case 2 0.0190 15 312 (305) C
3 Case 3 0.0134 10 555 (559) B
4 Case 4 0.0177 10 217 (209) C
5 Case 5 0.0375 7.5 311 (297) C
nThe data in parenthesis were obtained from the inversion analyses used in
the literature.
A.M.W. Aung, E.C. Leong / Soils and Foundations 55 (2015) 548–558 557proﬁles were quantitatively compared based on the average Vs to a
depth of 30 m (Vs,30) as well as Vs to different depths ( Vs,z), where
zr30 m. It was found that the WAVe method yielded Vs proﬁles
that are consistent with those of other inversion methods based on
more rigorous forward models. More importantly, it was observed
that the engineering design parameters, such as Vs,30, can be
determined with good accuracy from the Vs proﬁles inverted using
the WAVe method.
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